ABSTRACT. Let f (x) be a monic polynomial in Z[x] with roots α 1 , . . . , α n . We point out the importance of linear relations among 1, α 1 , . . . , α n over rationals with respect to the distribution of local roots of f modulo a prime. We formulate it as a conjectural uniform distribution in some sense, which elucidates data in previous papers.
Communicated by Shigeki Akiyama
In this note, a polynomial means always a monic one over the ring Z of integers and the letter p denotes a prime number, unless specified. Let f (x) = x n + a n−1 x n−1 + · · · + a 0 (0) be a polynomial of degree n. As in the previous papers, we put Spl X (f ) := {p ≤ X | f (x) is fully splitting modulo p} for a positive number X and Spl (f ) := Spl ∞ (f ). In this note, we require the following conditions on the local roots r 1 , . . . , r n (∈ Z) of f (x) ≡ 0 mod p for a prime p ∈ Spl (f ) :
We can determine local roots r i uniquely with this global ordering. If f is irreducible and of deg(f ) > 1, and p is sufficiently large, then (2) is equivalent to 0 < r 1 < · · · < r n < p. Here, we consider two types of distribution of local roots r i of f .
Before stating them, let α 1 , . . . , α n be roots of a polynomial f in (0) and suppose a linear relation n i=1 m i α i = m (m i , m ∈ Q).
Let us give three typical examples of a linear relation (3) among roots:
The first example is n i=1 α i = tr (f ) (:= −a n−1 ).
We call a linear relation (3) trivial if m 1 = · · · = m n , otherwise non-trivial. A trivial relation is reduced to the above. We know that for an irreducible polynomial f, there is only a trivial relation if the degree n is prime or the Galois group Gal (Q(α 1 , . . . , α n )/Q) is S n or A n (n ≥ 6) as a permutation group of {α 1 , . . . , α n } (Proposition 2). The second is a reducible polynomial
There is a non-trivial relation β i = tr (g) for roots β i of g, since a set of roots of g is a proper subset of roots of f. The third is a decomposable polynomial, that is f (x) = g h(x) with 1 < deg h < deg f.
For a root β of g(x) = 0, a set of solutions γ i of h(x) = β is a proper subset of roots of f (x), and we have a non-trivial relation γ i = tr (h−β) = tr(h) ∈ Z. Some other examples are given in [3] and in the text.
If the degree of f is less than 6, there is no non-trivial linear relation except the above two types, as shown below. In case of degree 6, other non-trivial linear relations appear.
The first subject is a kind of uniformity: Let f be a polynomial in (0) of degree n and put
and for a set D ⊂ [0, 1)
where local roots r i satisfy properties (1), (2) . We expect, under an assumption that a polynomial f has only a trivial linear relation (3) among roots.
ÜÔ Ø Ø ÓÒ 1º
The setD n is parametrized by x 1 , . . . , x n−1 , since x n equals i<n x i − i<n x i , and the volume of the projection D n ofD n to a hyperplane R n−1 defined by x n = 0 is 1/n!. Here, x denotes an integer satisfying x ≤ x < x + 1 for a real number x.
In case of tr (f ) = 0, we may suppose that D is limited to a domain on D n by virtue of (r 1 /p, . . . , r n /p) ∈D n , and it is easy to see that the right--hand side of (5) is vol pr(D) /(1/n!), where pr is a projection (x 1 , . . . , x n ) → (x 1 , . . . , x n−1 ).
In general, a polynomial has non-trivial linear relations among roots, and suppose that a system of linear equations
is a basis of all linear relations (3) restricted to m j,i , m j ∈ Z. If f is irreducible, then we see ( i m j,i )tr (f ) = nm j . We fix a numbering of roots α i of f. For a prime p ∈ Spl (f ), there is a permutation σ ∈ S n (dependent on p) such that local roots r i satisfy induced relations (cf. Proposition 1)
n be an accumulation point of (r 1 /p, . . . , r n /p) with the same permutation σ above; then we see that x is in the closure of
If x is not in D(f, σ), then x n is equal to 1 and we neglect the case since we are concerned with the volume. We note that the set D(f, σ) depends on a numbering of roots α i and may be the same for distinct permutations.
If f has only a trivial linear relation, then D(f, σ) is nothing butD n . Put
are equal except a finite set. The following is a generalization of Expectation 1.
for a permutation σ with dim D(f, σ) = n − t, and vol is the volume as a set of dim being n − t. With respect to the density of a set Spl (f, σ) of primes, our observation is
where the constant c is independent of σ.
We give a remark on the numbering of roots : Since (6) and (7) are equivalent to
we may assume that σ in Expectation 1 , 1 is the identity for any numbering of roots with replacing "c is independent of σ" by "c is independent of the numbering of roots of f " in Expectation 1 .
We note that for a sufficiently large prime p, we see that 0 < r 1 +a n−1 /n, r n + a n−1 /n < p, and then (r 1 + a n−1 /n)/p, . . . , (r n + a n−1 /n)/p ∈ D(f, σ) if f is irreducible and that a point (r 1 /p, . . . , r n /p) is on D(f, σ) if and only if a n−1 = 0. Is it possible to reduce the problem to the case of trace being 0, using
The relation between local roots R i of g(x) and r i of f (x) is R i ≡ nr σ(i) + a n−1 mod p for a permutation σ dependent on p.
The second subject is as follows. For given integers L (> 1), R i with 0 ≤ R i < L and a prime p ∈ Spl (f ), we require a following congruence condition besides (1), (2) on the local roots r 1 , . . . , r n of f (x) ≡ 0 mod p :
and
Although the existence of the limit is not proved in this case either, there is no data to deny it. By putting
our second expectation is as follows: For a polynomial f of degree ≥ 2 with only a trivial relation (3)
where K runs over a set of integers satisfying
and q ∈ (Z/LZ) × satisfy the conditions
Let us explain notations: E n (k) is the volume of the set {x∈[0,
ζ L is a primitive Lth root of unity, and Q(f ) is a Galois extension of the rational number field Q generated by all roots of f. For an abelian field F in Q(ζ c ) and an integer a relatively prime to c, [[a] ] denotes an automorphism of F induced by ζ c → ζ a c . Expectations 1, 2 are supported by numerical data by computer for irreducible and indecomposable polynomials of degree < 6 ([6], [7] ), which are polynomials with only a trivial linear relation among roots. Expectation 2 fails for some polynomials of deg f = 6 with non-trivial linear relations.
Let us refer to a relation with a one-dimensional distribution of r i /p (i = 1, . . . , n) : Let f be a polynomial of degree n with only a trivial linear relation among roots. Given number a
which is equal to a, as far as we check approximately by the Monte Carlo method (definitely for n = 2, 3), that is we have the equi-distribution of r i /p. Lastly, let us give a relation between Expectation 1 and a series of observations in the references. Let a polynomial f of degree n have only a trivial linear relation among roots, and put, for an integer k
Then, under Expectation 1, we have
which elucidates most of numerical observations in previous papers. We note that the last vol is the usual volume on R n−1 , but others are the one on hyperplanes defined by
We discuss a linear relation among roots in the first section, and in the second section, we correct insufficient data given in [6] with respect to (12) and add new ones.
When we refer to an explicit value of a density, it is an approximation by computer, unless specified.
Linear relation among roots
Let f (x) be a polynomial f in (0) of degree n with roots α i (i = 1, . . . , n) and suppose a linear relation (3) . We may suppose that m = 0 in (3) to discuss the non-triviality of a linear relation, if necessary. Because, if tr (f ) = −a n−1 = 0 holds, then taking traces, we have nm = ( i m i )tr (f ) = 0, hence m = 0. Otherwise, we have
The non-triviality of (3) is unchanging by this operation.
Just to make sure, let us see a relation between global relations of roots α i and local relations of roots r i of f (x) ≡ 0 mod p.
ÈÖÓÔÓ× Ø ÓÒ 1º
Let f (x) be a polynomial of degree n with roots α 1 , . . . , α n and suppose that it has no multiple roots, and let
If there are global relations
t).
P r o o f. Put K = Q(f ) and take a prime p ∈ Spl (f ). K is a Galois extension and a prime p is fully splitting in K.
For such a prime, we fix any prime ideal p over p ; then there is a permutation σ p of {1, . . . , n} such that α σ p (i) ≡ r i mod p as above. We take a permutation σ satisfying σ = σ p for infinitely many primes p ∈ Spl (f ). For such infinitely many primes p, we see
We apply this to linear equations (6), (7)). The following is a sufficient condition to a polynomial being without non-trivial linear relation.
ÈÖÓÔÓ× Ø ÓÒ 2º Let f (x) be an irreducible polynomial of degree n. If n is a prime number p, or the Galois group Gal (Q(f )/Q) is S n or A n (n ≥ 6) as a permutation group of roots of f, then f has only a trivial linear relation among roots. P r o o f. First, suppose that the degree of a polynomial f is a prime p, and let α 1 , . . . , α p be roots of f, and suppose a linear relation (3) . Adding a trivial relation α i = tr (f ) to (3) if necessary, we may assume that m i = 0. The Galois group Gal (Q(f )/Q) acts faithfully on the set of all roots and contains an element σ of order p, hence we may assume that σ(
Since α i 's are not rational, the determinant of the coefficient matrix of entries m i vanishes, hence we have
for a primitive pth root ζ := ζ p of unity, using a formula for cyclic determinant. By the assumption m i = 0, we have (3) is trivial, since ζ i is still a primitive pth root of unity.
Next, suppose that the Galois group Gal (Q(f )/Q) is the symmetric group S n . For any 1 ≤ i < j ≤ n, there is an automorphism σ which induces a transposition of α i and α j . Hence we have
.
Finally, suppose that Gal Q(f )/Q is the alternative group A n and that (3) is non-trivial. Let us show that coefficients m 1 , . . . , m n are mutually distinct, first. Suppose that m 1 = m 2 ; acting an even permutation α 1 → α 2 → α 3 → α 1 on (3), we have
, which contradicts the non-triviality of (3). Thus coefficients m i are mutually distinct. Next, considering even permutations:
i.e., 2α 3 = α 4 + α 5 , similarly, 2α 3 = α 4 + α 6 . Thus we have a contradiction
If there is a non-trivial linear relation among roots of f, then f is decomposable, that is f (x) = g h(x) for quadratic polynomials g(x), h(x).
P r o o f. Let α 1 , . . . , α 4 be the roots of f. Let G := Gal (Q(f )/Q) be the Galois group; then it operates faithfully on a set {α 1 , . . . , α 4 } and there is a subgroup of order 4 in G. Noting that for permutations:
(ii) there are permutations σ 1 , σ 2 in G so that
of α 1 and α 2 (α 3 and α 4 ), respectively.
Suppose that (3) is non-trivial, that is
, we may assume that a 3 = 0 and furthermore m i = 0, adding a trivial relation.
First, let us consider

Case (i). By linear equations
Since α i 's are irrational, the determinant of coefficient matrix on m i vanishes, i.e., 
Case of (i.1), i.e., m 1 = m 3 , m 2 = m 4 : The difference of the first row and the second row gives
Case of (i.2), hence
It is easy to see that ⎛
, the cyclic determinant of coefficients matrix vanishes, i.e., Thus we have shown that in the case of (i), f is decomposable.
Case (ii).
The second case gives the following equations: Finally, let us consider:
Since α i 's are distinct, we have
By m 1 = m 3 , the equations
is equal to
hence we have
If b 1 = b 2 holds, then solving them, we have α 1 α 2 , α 3 α 4 ∈ Q, which implies that f is reducible. Thus we have b 1 = b 2 and then f is a polynomial in
The following is an easy corollary.
ÓÖÓÐÐ ÖÝ 1º Let f be a polynomial of degree less than 6 and suppose that f has a non-trivial liner relation among roots. Then f is reducible or decomposable.
be an irreducible and decomposable polynomial, and put
Then equations α i,1 + α i,2 = −a (i = 1, 2) are a basis of linear relations (3) among roots of f.
be a linear relation. Using α i,1 + α i,2 = −a, we may suppose
We have only to show m 2,2 = 0, which implies m 1,2 = 0, hence we complete the proof. Suppose that m 2,2 = 0, and dividing m 2,2 , we may assume Thus we find a contradiction that β 1 is rational.
Let us give D(f, σ) explicitly for a polynomial of degree 4. In case that f is irreducible and indecomposable, there is only a trivial relation, hence
In case that f is irreducible and decomposable, by using Proposition 4, we find,
which is parametrized by 0 ≤ x 1 ≤ x 2 ≤ 1/2. The dimension of a domain corresponding to {σ(1), σ(2)} = {1, 4}, {2, 3} is less than 2. To confirm Expectation 1 , i.e., (8) , what we can do now is an approximate calculation by computer. The right hand of (8) is a ratio, hence we do not need to look for volumes themselves. By using a projection to (x 1 , x 2 )-plane, we can approximate the right hand of (8) by the Monte Carlo method.
In case that f is a product of two irreducible quadratic polynomials with distinct fundamental discriminants, relations are similar to the previous case and hence D(f, σ) is the same.
In case that two irreducible quadratic factors have the same fundamental discriminant D, e.g.,
A basis of linear relations (3) among roots are
hence hyperplanes necessary in [0, 1) 4 in question are
and its permutations of indexes.
Thus we see that D(f, σ) of dim 1 is one of
Let us see that Expectation 1 is true in this case. It is easy to see that lengths are, in order √ 10/4, √ 10/12, √ 10/6. For densities of Spl (f, σ), we invoke [1] , [9] , that is for an irreducible quadratic polynomial, r 1 /p, r 2 /p are equi-distributed. Let r be a root of r 2 ≡ D mod p with 0 < r < p/2. Then other roots of f (x) ≡ 0 mod p are −r, 1 ± 2r mod p, and it is easy to see except for finitely many primes local roots r 1 , . . . , r 4 are in order
The uniformity of r/p implies that densities are proportional to 1/4, 1/3 − 1/4 = 1/12, 1/2 − 1/3 = 1/6.
Hence the constant c in Expectation 1 is independent of σ.
In case that a polynomial f is a product of irreducible quadratic polynomials with the same fundamental discriminant, Expectation 1 , 1 should be reduced to [1] , [9] . for any prime p ∈ Spl (f ) except finitely many primes. Linear relations among roots are reduced to relations of g. Therefore the projection of D(f, σ) to a hyperplane defined by
is D (g, σ |{a+1 ,...,n} ) modulo a lower dimensional set, hence the problem is reduced to that of a polynomial g(x) as expected.
Before we discuss the case of degree six, let us introduce a notion "type". For an irreducible polynomial f of degree 6, we define its type number 2, 3 temporarily as follows : Denote a root of f by α. The type number of f is 2 if Q(α) contains a quadratic subfield M 2 such that the trace of α to M 2 is rational. The type number of f is 3 if Q(α) contains a cubic subfield M 3 such that the discriminant D of the monic minimal quadratic polynomial g 2 (x) of α over M 3 is rational.
We note that the type number is independent of the choice of a root α of f, and type numbers of f (x), f(x + a) (a ∈ Q) are equal. 
ÈÖÓÔÓ× Ø ÓÒ 5º
If the determinant of the coefficient matrix does not vanish, then α 1 , . . . , α 5 are in Q(α 6 ), hence Q(α 6 ) = Q({α 1 , . . . , α 6 }) = Q(f ) is a Galois extension of degree 6. This contradicts the assumption. Thus the determinant vanishes, hence there is a fifth root ζ of unity satisfying (3) is a trivial relation, contradicting the assumption. This completes the proof of (i).
(ii) Suppose that Q(α 1 ) is an abelian extension, hence the Galois group is generated by an automorphism σ of order 6. We may assume that σ(α i ) = α i+1 , where α j = α k if j ≡ k mod 6. Otherwise, there is a fixed root α i by σ. Let ζ = (1 + √ −3)/2 be a primitive sixth root of unity, which satisfies ζ 2 − ζ + 1 = 0 and ζ 3 = −1, and consider central idempotents
which satisfies i mod 6
If l mod 6 ζ il α l = 0 holds for every i = 1, . . . , 5, then we have
which implies a contradiction α 6 ∈ Q. Hence, we have l mod 6 ζ il α l = 0 for some i ≡ 0 mod 6, i.e.,
By expressing the above as a linear form of ζ and 1, the equation (17) If (17) is true for i = 3 moreover, then (3) is a trivial relation, which is a contradiction. Thus (17) is false for i = 3, hence l mod 6 ζ 3l α l = 0 follows, that is 6 ), coefficients of polynomials g, h are in a quadratic subfield M 2 fixed by σ 2 and their second leading coefficient α 1 + α 3 + α 5 = α 2 + α 4 + α 6 = tr (f )/2 is rational, hence f is of type 2.
Suppose that (17) is true for i = 1, but false for i = 2, 4 : Hence we have l mod 6 ζ il α l = 0 for i = 2, 4, which implies two equations
Finally, we assume that (17) is false for i = 1 hence for i = 5; similarly to the above, we have
2 of a polynomial (x − α 1 )(x − α 4 ) fixed by σ 3 is fixed by σ, hence rational, that is f is of type 3.
(iii) Suppose that K = Q(α 1 ) is an S 3 -extension : Then there are automorphisms σ, μ and a numbering β i,j (i = 1, 2, j = 1, 2, 3) of roots α i of f such that
noting that σ, η have no fixed root. We divide a proof to several parts.
Ä ÑÑ 1º
(1) If j β 1,j is rational, then f is of type 2.
(2) If one of (
, where M 2 is a quadratic subfield fixed by σ. Therefore f is of type 2. Since polynomials (x − β 1,1 )(x − β 2,1 ), (x − β 1,2 )(x − β 2,3 ) and (x − β 1,3 )(x − β 2,2 ) are fixed by η, their discriminants are also fixed by η. Therefore, if the discriminant is fixed by σ, it is a rational number, that is, f is of type 3. 
Ä ÑÑ 2º If there is a non-trivial relation
P r o o f. We may suppose that m = 0 in (18) by the remark at the beginning of this section, and acting id, σ, σ 2 , η, ησ, ησ 2 in order, we have
Equations ( 
where m 1 = m 2 = 0 does not hold.
We divide the proof to several cases: 
Suppose that m 1 = 1 : Adding 3(β 1,3 + β 2,2 ) to the above, we have tr (f ) = 3(β 1,3 + β 2,2 ). Acting σ, we have
Finally, we assume that m 1 = 1. Substituting β 1,2 + β 2,3 = −(β 1,1 + β 2,1 + β 1,3 + β 2,2 ) + tr (f ) to (27), we get
By denoting a cubic subfield fixed by η by M 3 , it means
which completes the proof, putting
In [3] , there are examples of a polynomial of type 2, 3, but at that time the author did not recognize any S 3 -type polynomial satisfying the last condition in Proposition 5. In the next section, we give examples.
Let us give a basis of linear relations of an irreducible abelian polynomial of degree 6 without proof to describe a set D(f, σ). (a) In case that f is indecomposable and neither of type 2 nor of type 3.
ÈÖÓÔÓ× Ø ÓÒ 6º
(b) in case that f is indecomposable and of type 2,
(c) In case that f is indecomposable and of type 3,
is possible for a cubic polynomial g, but impossible for a quadratic polynomial g,
(e) In case that f (x) = g h(x) is possible for a quadratic polynomial g, but impossible for a cubic polynomial g,
(f) In case that f is decomposable and f (x) = g h(x) is possible for both deg g = 2, 3,
Except this abelian case, even the classification of non-trivial relations is incomplete.
Expectation 2 for a polynomial of degree 6
We have no data to deny Expectation 2 for an irreducible and indecomposable polynomial f in the case of degree ≤ 5, but it fails in the case of degree 6. The two conditions irreducibility and indecomposability are equivalent to having no non-trivial linear relations among roots in the case of degree ≤ 5 as in the previous section. Data in [2] are less accurate in the case of degree 6, that is X in (11) was too small to guess the precise limit. We improve a method to guess the limit from approximate values.
Suppose that the limit in (11) exists and every Pr (f, L, {R i }) is rational : Then for the common denominator b, we see that
Supposing that b is less than 30000 and taking the above into account, let us consider integers d with 1 ≤ d ≤ 30000, which satisfies
where r(x) is an integer closest to x. Because, they must be satisfied if d is the common denominator of Pr (f, L, {R i }) and an approximation by Pr X (f, L, {R i }) is sufficiently well. We consider the following four measures, abbreviating Pr X (f, [3] L, {R i }) to Pr X,R i : They are irreducible and indecomposable and define the same cyclotomic field Q(ζ 7 ), and the type of f 1 , f 2 is 2 and that of
(I) The case that there is no non-trivial linear relation among roots : For a polynomial f = x 6 + 5x 5 + 1 in [2] , data were insufficient. Wrong values 7/512 = 0.0136 . . . , 9/512 = 0.0175 . . . on p.87 in [2] 
(II) Case that f is irreducible and indecomposable, and the type number is 2. For f = f 1 , f 2 , the common denominator of Pr X (f, 2, {R i }) for four measures is 2304, which is attained for X = 2 · 10 11 . The following table of densities is arranged in the order of r above. For example, (R 1 , . . . , R 6 ) = (0, . . . , 0) corresponds to r = 1, and hence the density Pr f 1 , 2, (0, . . . , 0) (III) The case that f is irreducible and indecomposable, and the type number is 3.
For f = f 3 , f 4 , the common denominator of Pr X (f, 2, {R i }) for four measures is 15120, which is attained for X = 2 · 10 11 . The following We note that tr (f 3 ) is odd and tr (f 4 ) is even, and the density of another polynomial of type 3 for L = 2 seems to be given by the above according to tr (f ) mod 2. 
